A model of the buckling behavior of the longitudinal reinforcement in RC columns confined with fiber reinforced polymers (FRP) is proposed. The model includes three significant aspects: (i) the model takes into account the flexural stiffness of cracked cover concrete jacketed with FRP to estimate the buckling length and critical stress; (ii) the asymptotic compressive stress of the buckled longitudinal bars under a cyclic load is modified considering the restraining effect of the FRP; and (iii) it is assumed that at least one of the lateral reinforcing bars (made of mild steel) yield to allow the concerned longitudinal bars to buckle. The model was implemented in the form of a two-dimensional finite element algorithm to compute the hysteric response of the RC columns. The finite element analysis conducted herein considers spalling of the cover concrete due to the buckling along the longitudinal reinforcement. The analysis compared well overall with the test results of four RC columns.
Introduction
Lateral reinforcements in RC columns are considered to restrain the buckling of longitudinal steel bars. This buckling behavior has been investigated for many years and incorporated into model equations. So far, studies on buckling have considered confinement with mild reinforcement. Since the 1980s, all-elastic fiber reinforced polymers (FRP) have been frequently used in RC structures. FRP do not always entirely prevent buckling, resulting in deterioration of the ductility of the structures (Sato and Ko 2007) . The longitudinal bars can buckle since these bars twist into separated spaces between the core concrete and the cover concrete.
The authors made four RC column specimens and applied shear/flexural cyclic loads to observe the buckling behaviors of longitudinal bars and the deformation conditions of the associated lateral confining steel/FRP reinforcements (Sato and Ko 2007) . It has long been held that lateral reinforcement does not yield at the buckling of longitudinal bars (e.g., Pantazopoulou 1998) . Test results show, however, that a lateral reinforcement made of mild steel can yield at buckling, though reinforcements made of ultra-high-strength steel or FRP remain elastic. Here, the "yield portion ratio r by " of the lateral mild steel reinforcement around buckled longitudinal bars was introduced and quantified as an index of the development of buckling conditions. r by , which is defined as the ratio of the length of region l by , where the shear reinforcements yielded, to the buckling length l b , ranged from 0.45 to 0.76 for the test specimens. This experimental observation supports the theoretical validity of the energy approach to the buckling phenomenon (Scribner 1986; Dhakal and Maekawa 2002) .
This paper presents two-dimensional finite element analyses of RC columns confined with externally jacketed FRP sheets considering the buckling of longitudinal bars. In the analyses, a smeared-crack-based FE algorithm (Vecchio 2000) is employed. The algorithm can monitor the stress/strain conditions of longitudinal bars and associated lateral reinforcements at every analytical step. Hence, the analyses can consider the yielding of lateral bars as one of the criteria of the initiation of the buckling of longitudinal bars. On the other hand, the buckling length l b and critical buckling stress f b of longitudinal bars is estimated based on the classical plastic buckling theory, rather than the energy approach, because this allows easy incorporation of the restraining effect of FRP sheets. The specific (asymptotic) compressive stresses of the buckled longitudinal bars were estimated by also considering the contribution of lateral FRP reinforcement.
Buckling models in previous research
This section describes the models used to evaluate the buckling length, the critical stress, and the stress-strain hysteresis paths of buckled longitudinal bars, which will be used in the FE analyses in the following section. These models, however, could not be implemented directly in the FE algorithm in their original forms but with several modifications based on the experimental evidence. These modifications will be explained in Section 3.
Buckling length and critical stress
The classical plastic buckling theory gives the critical stress and the buckling length in the form of Eqs. (1) The constants -3.3 in Eq.
(1) and 4.4 in Eq. (2) may vary depending on the manner of approximation. This paper adopts the values of -3.3 and 4.4 according to Suda's work (Suda et al.1996) . Similarly, different values have been proposed in related research on the reduced modulus of longitudinal bar E sr at the buckling. This research assumes a constant value of 20,000 MPa for E sr in accordance with Papia's study (Papia et al. 1988; Papia and Russo 1989) .
The stiffness of lateral support β is composed of the axial stiffness of the reinforcement along column depth β w1 , and the flexural stiffness along column width β w2 (Fig. 1) . The latter is derived based on the assumption of a fixed-fixed beam with constant load distribution. These components are related to resultant stiffness β by Eq. (3).
It has long been held that lateral shear reinforcement does not yield (e.g., Suda et al. 1996) , so the elastic modulus has been substituted into Eqs. (4) and (5). The experimental work indicated, however, that the lateral mild steel reinforcement yielded at the beginning of buckling although the reinforcement with high strength over 1,300 MPa did not yield (Sato and Ko 2007; Dhakal and Maekawa 2002) . Hence, the moduli E w1 of the lateral reinforcement made of mild steel will be corrected in Section 3.
Hysteresis model for buckled bar
Tanoue et al. developed a hysteresis model for a buckled steel bar based on experimental and analytical work (Tanoue et al. 2002) . Equation (6) gives the relationship between the stress and strain of a buckled bar under compression:
where
f br = -500
The buckled bar exhibits a significant pinching response as the bar is subjected to large compressive strain. Hence, the moduli for unloading and reloading paths decrease as the stress at unloading f b1 decreases. Equation (9) defines the modulus of the unloading path from the basic curve E s *, while Eq. (10) gives the modulus of tension reloading path E sh *: (18) Equation (14) is almost the same as Eq. (4), except that the modulus of the lateral steel bar, E w , is replaced by E w1 . For E w1 , the experimental measurement indicated that the tangent moduli of bars decreased to 1,600 MPa to 2,000 MPa at the beginning of buckling (Sato and Ko 2007) . Hence, a tangent modulus value of 1,800 MPa has been substituted for E w1 .
For the same reason, the modulus in β w2 given by Eq.
(5) may be corrected considering the yielding of lateral bars. It is supposed, however, that the concerned modulus in the flexural stiffness β w2 is considerably larger than that of axial stiffness β w1 because of elastic unloading in the compression side in the bar. In the interest of simplicity, elastic modulus E w is always used, and the original form of Eq. (5) is thus maintained.
The cover concrete provides remarkable resistance against buckling even after cracks are induced to the cover. The authors consider that the resistance of the cracked cover could be related to the lateral reinforcement ratio, ρ w , the number of longitudinal bars between adjacent lateral bars, N st , the elastic modulus of the concrete, E c , and the modulus of the lateral steel bar ,E w1 , resulting in Eq. (15).
The axial stiffness of the FRP β F1 is computed using elastic modulus E F . The rupture strain of the FRP is very small (1% to 4%) compared with that of the steel. However, the separation between core and cover concretes allows the longitudinal bars to buckle even when the FRP confines the RC column. In this situation, the cover concrete restrains the buckling as a beam, for which the FRP acts as a flexural reinforcement (Fig. 1) . The flexural stiffness β F2 of this composite beam is empirically determined. The critical stress and the buckling length are given by Eqs. (19) and (20), in which only the resultant stiffness β is replaced by the modified β' in Eqs. (1) and (2): (Tanoue et al. 2002) . The authors' experimental observation indicated, however, that the buckled bars in RC columns attain considerably lower compressive stresses under large deformations. On the other hand, the FRP jacketed around the columns enhanced the compressive stresses of the bars. Equation (21) was therefore proposed in the authors' previous research (Sato and Ko 2007) . Equation (21) is equivalent to Eq. (8) if 5,000 MPa is substituted for coefficient c r , and the FRP contribution term 2 t F E F / b / k F is eliminated. Coefficient c r was determined based on the test results and reduces the asymptotic compressive stresses. The stresses are reduced by 60% for the corner bars, and by 96% for the inner bars. Since the analyses are conducted with a 2D algorithm, the coefficient c r is input as a weighted-average between the corner and the inner bars.
Yielding of lateral reinforcement as a buckling criterion
It is widely agreed that a longitudinal bar never buckles unless the surrounding lateral bars deform, even though the longitudinal bar stress exceeds the critical buckling stress. Dhakal introduced the condition of cover-concrete spalling as one of the buckling criteria based on the energy equivalence assumption between the spalling-crack generation and the plastic-buckling deformation of the concerned longitudinal bar. This criterion is rational and could be applicable to a column confined with an FRP sheet if some modification were provided. From the viewpoint of analytical practice, however, the cover-spalling criterion may not always be the most suitable for the following two reasons: (i) The cover-separation criterion used in previous research (Dhakal and Maekawa 2002) is considered only in the monotonic case. In reality, the cover concrete is subjected to both large tensile straining and high compressive stressing during cyclic loadings. The damaged cover concrete probably spalls under very small separate forces after repeated loads. (ii) The separation between the cover and core concretes depends on the considerably localized stress/strain conditions of concrete around the concerned longitudinal bars. The meshes used in the smeared-crack-based FE analyses of RC members are usually too coarse to detect the localized separating stress. Finer meshes may be applied, but this gives rise to the issue of compatibility between the element size and the material constitutive models. The above difficulties may be overcome by future research, but this paper employs the stress condition of the lateral bars as one of the buckling criteria for the sake of numerical reliability. It is herein assumed that at least one of the lateral steel bars along the concerned longitudinal bar yielded to allow the longitudinal bar to buckle. This assumption corresponds to the previous research of Dhakal and the authors (Dhakal and Maekawa 2002; Sato and Ko 2007) , where one or two lateral steel bars yielded among the three or four bars in the plastic hinge regions (i.e., r by = approximately 0.5). The FE program in this research assumes that the associated cover spalls right after the initiation of buckling of the concerned longitudinal bars while no spalling occurs in the column jacketed with the FRP sheets.
Implementation of models
The models described in the previous sections were implemented in the nonlinear finite element program VecTor2 (Vecchio 2000) . The process is classified into three stages. Figure 3 shows the schematic flow of the analysis.
In the first stage, the program calculates the buckling length and the critical stress for the longitudinal bar and determines the cover concrete geometry (Fig. 4(a) ). The program recognizes a concrete element as a cover for the bar if (i) the element is located between the concrete surface and the bar; and (ii) the element is located within 7-1/2 bar diameter from the bar (CEB-FIP 1978) .
In the second stage (Fig. 4(b) ), the program adopts the buckling hysteresis model defined by Eqs. (6), (7), (9), (10), (11), (12), and (21) for a longitudinal bar when the following conditions are satisfied: (i) The compressive stress of the bar f s exceeds critical stress f b defined by Eq. (19).
(ii) The length of the region of bar l sc , which is subjected to compressive stresses, is longer than buckling length l b defined by Eq. (20). (iii) At least one of the lateral steel bars along the con-cerned longitudinal bar has yielded.
The cover concrete spalls when the steel bar buckles. The program reduces the stiffness of the cover concrete element to 0.001 times the original stiffness when it spalls, to effectively eliminate the compressive resistance of the cover. If the FRP sheet is attached to a cover concrete element, then the cover will not spall even when the longitudinal bar buckles.
In the third stage, visual images of the damage conditions of RC columns are generated by a post-processor. That processor updates information about the concrete surfaces and the cover concrete, and computes the buckling deformation of the longitudinal bars. The processor then illustrates the spalled cover as separated from the structure and the buckled bars deformed along the length l b (Fig. 4(c) ).
Sample analyses
The proposed models were corroborated through analyses of four RC columns. Table 1 summarizes the specification of the specimens. Table 2 presents the constitutive models adopted in the analyses (Park et al. 1982; Vecchio 1992; Sato and Vecchio 2003; Ko and Sato 2004; Kupfer et al. 1969; Fujii et al. 1981; Palermo and Vecchio 2003; Seckin 1981; He and Kwan 2001; Walraven 1981) . Figure 5 shows the finite element models of the specimens.
Two column specimens, K2 and K3, were taken from the authors' experimental work (Sato and Ko 2007) . by 400 mm in cross-section. Specimen K2 was confined with a large number of lateral steel bars and internal ties (ρ w = 1.68 %) while Specimen K3 was confined with externally jacketed FRP sheets, as well as a smaller number of lateral bars (ρ w = 0.79%). Specimen K3 was jacketed with four layers of carbon fiber sheets, each 0.167 mm thick and 60 mm wide. The sheets were wrapped with 60 mm spacing to allow observation of cracking. The average thickness of the sheet on the overall span was assumed to be t F = 0.333 mm and the cross-sectional area ratio (= 2 t F /b) was 0.167%. Figure 5(a) shows the FE mesh used for Specimens K2 and K3. A grid of 40 × 14 constant strain (eight degrees of freedom) rectangular elements was used for the central clear span. The longitudinal steel bars were modeled by truss elements. The bond between the concrete and the longitudinal bars was represented by four-node joint elements. For Specimen K3, truss elements were also used for the FRP sheets and four-node joint elements for the bond between the concrete and the sheets. Each two lines of truss elements represent a 60 mm wide FRP sheet in this model. Two truss bars attached on the top of the specimen were subjected to the same prescribed displacement. Displacement increments of 1.5 mm were imposed until the rotation angle reached 0.5%, and then 2.0 mm for larger rotation angles. Two series of calculations were conducted on each specimen. The first series of calculations omitted the models for buckling behavior (Fig. 6(a) ), while the other adopted the models (Fig.  6(b) ). The former series, where influence of the buckling was neglected, presented pinched hysteresis with smaller residual rotation angles at zero loads.
On the other hand, the analyses with the buckling model increased the residual rotation angles and expanded the hysteresis loops although discrepancies still remained compared to the experimental hysteresis. Table  3 lists the buckling conditions in the test and analyses of each specimen. Buckling lengths l b given by Eq. (20) were 142 mm and 149 mm for Specimens K2 and K3, respectively. These lengths agreed with the test results of l b = 140 mm for K2 and l b = 150 mm for K3. In the analysis of Specimen K2, the buckling began at the first negative cycle of 2% rotation angle (i.e., R bi = 2.0(-1)) while the buckling initiation of Specimen K3 was at the first positive cycle of 2% rotation angle (i.e., R bi = 2.0(+1)). Although it was hard to detect the buckling initiation in the test, the spalling of the cover concrete indirectly indicated the deformation of the longitudinal bars. The initial spalling of the cover concrete of Specimen K2 was observed at the second negative cycle of 1% Walraven 1981 rotation angle in the test. It is supposed that the buckling modes were not stabilized at this stage. For specimens K2 and K3, the authors pointed out that the lengths and modes of the longitudinal bars' buckling stabilized at a buckling deflection of 1 mm (1 mm was deflection at the maximum deflection point, and corresponded to 0.6 mm at measuring point (Sato and Ko 2007) ). Table 3 with respect to the rotation angle for bars subjected to compression at positive loads, and to tension at negative loads. The analyses generally agreed with the test results, especially concerning the compression sides. Figure 7 shows the fracture conditions of Specimens K2 and K3 at the rotation angle R = 5.0%. The cover concrete of Specimen K2 spalled while the externally jacketed FRP sheets prevented cover spalling in Specimen K3. Two other columns, No. 7 and No. 8, were taken from the work of Kataoka (Kataoka et al. 1997 ). This test series was aimed at verification of ductility enhancement of columns jacketed with carbon fiber sheets. The columns were 900 mm long in clear span and 300 mm by 300 mm in cross-section. The specimens contained twelve longitudinal bars 13 mm in diameter, and lateral bars 6 mm in diameter with 150 mm spacing. The elastic modulus of the carbon fiber was 236 GPa. The corresponding cross-sectional reinforcement ratio of the FRP varied from 0.22% to 0.33%. Figure 8(b) compares the experimental and computed responses for the specimens. Significant differences were not observed between the analyses results with and without the buckling model since the relatively large amount of FRP sheets prevented a reduction in compressive stress of the longitudinal bars after buckling. 
Conclusions
An analytical model for the buckling of longitudinal bars was proposed. Equations estimating the buckling length and the critical stress were extended to RC columns confined with FRP sheets. These equations were incorporated with a hysteretic stress-strain model of the buckled bar. The models were then implemented in a smeared-crack-based finite element algorithm for cyclic analyses. The analyses assumed that at least one of the lateral steel bars along the concerned longitudinal bar yielded to allow the longitudinal bar to buckle. The spalling of the associated cover concrete was also considered.
The results of these analyses were compared with the test results of four RC columns. The calculation simulated well the buckling behavior of the longitudinal bars and the accompanying cover concrete spalling. The authors' future research will investigate the interactive influences between the cover concrete and the longitudinal bars, and extend the buckling model to a three-dimensional analysis. 
